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A new algorithm is presented for the minimum cost circulation probiem. The algorithm is
strongly polynomial, that is, the number of arithmetic operations is polynomial in the number of
nodes, and is independent of both costs and capacities.

1. Introduction

Edmonds and Karp [7] developed a scaling technique to solve the minimum
cost flow problem in polynomial time. The number of arithmetic operations used by
their algorithm depends on the size of the capacities. Rock [14] described a variant
of their method, where the number of arithmetic operations depends on the size of
the costs. Edmonds and Karp [7] write:

A challenging open problem is to give a method for the minimum cost flow problem
having a bound of computation which is a polynomial in the number of nodes, and is
independent of both costs and capacities.

Here we present such an algorithm. The algorithm consists of phases (at most
as many as the number of edges). In each phase one has to solve a minimum cost
flow problem with “rounded™ costs (that is, the costs will be integers and will have

absolute value at most [[V]V|E]], a polynomial in the size of the graph). Since the
costs are small integers the known methods (even without the scaling technique, see
Edmonds—Karp [7]) give strongly polynomial algorithms for these subproblems.

In the model of computation considered here the input consists of rational
numbers. Each number in the data adds one to the input size. Each arithmetic ope-
ration (addition, multiplication, division and comparison) is considered as one step.
An algorithm which has polynomial running time in this model may turn out to
be not polynomial in the usual sence. This happens if the size of the numbers occurr-
ing during the algorithm is not polynomially bounded in the size of the input num-
bers.

AMS subject classification (1980): 68 E 10, 68 C 25.
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An algorithm is said to be strongly polynomial if
— the number of arithmetic operations is polynomially bounded in the above input
size and
— the size of the numbers occurring during the algorithm is polynomially bounded
in the size of the input numbers.

(Megiddo 1981 uses the term “genuinely polynomial”.) Actually a strongly poly-
nomial algorithm can be interpreted to work on any real numbers (not only on ratio-
nals) as well. Given any subfield of the reals, where the above four arithmetic opera-
tions can be carried out, a strongly polynomial algorithm works on problems with
numbers given from that field. Such a subfield is, for example, the field of numbers

a+by2 for a, b rationals. The only apparent danger is that the length of the encod-
ing of the numbers occurring during the algorithm will not be polynomially bounded
in the length of the encoding of the input numbers.

As an application let us draw attention to a paper of Anstee [1] where Anstee
gives a new polynomial algorithm for solving the minimum cost b-matching problem.
The only portion of his algorithm, that is not strongly polynomial is the solution of
a minimum cost circulation problem. Combining the present algorithm with the algo-
rithm of Anstee one gets a strongly polynomial algorithm for the minimum cost
b-matching problem.

2. Preliminaries

In the following let D=(V, E) denote a digraph (possibly with multiple ed-
ges) and let us be given upper and lower capacities and costs g, f, d€RE, respecti-
vely, on the edges (satisfying f=g). The case when fand g may have infinite compo-
nents will be discussed in part 5.

A vector x€R® is a circulation if for each node v€¥ we have

2 (x(e): e = quE)—Z (x(e): e = vu€E) = 0.

A circulation is feasible if f=x=g. The set of feasible circulations is a polytope. It
is called the circulation polytope and it is denoted by P(f, g). The circulation problen:
is to find a feasible circulation if one exists. It is well-known that the circulation
problem can be solved in strongly polynomial time (Dinits [3], Edmonds—Karp
{71). The cost of a circulation x is

dx = 3 (d(e)x(e): e€E).

The minimum cost circulation problem 1s to find a feasible circulation with
minimal cost. Such a circulation is called d-minimal.

We call an edge right if f(¢)=g(e) and the set of all tight edges is denoted
by T(f.g).

To define a face of the circulation polyhedron one has to replace some of the
defining inequalities x(e) >f(e), x(e)=g(e) (for e<E) by equalities. Any face of
the circulation polytope is obviously a circulation polytope itself. The set of d-
minimal circulations forms a face P, called the d-minimizer of P. The algorithm will
determine this face.
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For a vector x€RE let x,,=max (|x(e)] for e€E) and |x|=(3 x*(e):
€€ E)¥2. For a real number 1 let [1] denote the smallest integer greater than or equal
to 2.

Let us call any vector n€RY a poteniial.

Two cost functions d and d” are said to be (f, g)-equivalent if there exists a
potential 7 such that for each non-tight edge e=wr we have

d’ (&) = d(@)+n(u)—n(v).

Lemma 2.1. Let d and d’ be (f, g)-equivalent cost functions. A feasible circulation x
is d-minimal if and only if it is d’-minimal.

Proof. We prove that dx— d’x does not depend on the feasible circulation x. Indeed,
d'x—dx = D (x(@(n(1)—n(v)): ¢ = wweE)+
+ 2 (x(e)(d' (&) —d (&) —m (1) +n(v)): e = ur€ E tight).

Since x is a circulation the first sum 1s zero. Since x is feasible the second sum depends
only on f, g, d, d” and = but not on the circulation x. This proves the lemma. ||

An important consequence of the lemma is that if 4 and the identically zero
function are (f, g)-equivalent, then every feasible circulation is d-minimal, that is,
the d-minimizer of P(f, g) is P(f,g) itself.

By Lemma 2.1 to solve a minimum cost circulation problem it does not
matter which of the (f, g)-equivalent costs are used, however, it will turn out that the
one lying in the subspace

0 = {x¢RE: v is a circulation and x(e)=0 if ¢ is tight}
has particular advantages. Such a cost function is said to fit P(f. g).

A version of the optimality criteria (Ford—Fulkerson [8]) states that if x
is a feasible solution and #n a potential such that

) if d{e)+n@w)—n(@)>=0 for e=wr¢E then x(e)=f(e)
i) if d(e)+n(u)—n(r)<0 for =ur€cE then x(e)=g(e)

then x is d-minimal and for any d-minimal circulation x” if |d(e)+n () —7n(¥){=0
for an edge e=wr€E then x'(e)=x(e).

Of course, if in i, we require x(e)=f(¢) only for edges e=ur satisfying the
stronger inequality d(e)+n(w)—n(¥)=a and in ii), x(e)=g(e) is required only for
edges satisfying d(e)+n(u)—n(v)= —a, where o is a positive number, then x is
not necessarily a d-minimal circulation. However, if o is small relative to d, these
weaker criteria can be interpreted so that x and = almost satisfy the optimality cri-
teria and, then one may have an intuitive feeling that x is “almost” a d-minimal cir-
culation. This feeling is justified somewhat by the following lemma.

Lemma 2.2. Let x be a feasible circulation, d’ a cost function, = a potential, and x>0
a real number such that
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if d'(e)+nw)—n(v)=a for an edge e=uv then x(e)=f(e),
if d(e)+nw)—n(@®)=—a for an edge e=uv then x(e)=g(e).

Then for any d’-minimal circulation x’
[d’ (@) +n@w)—n(@)|=|V]|a for an edge e=ur implies that x(e)=x'(e).

Proof. Without loss of generality we may assume that x"=x: Otherwise reverse
all edges ¢€ E with x (e)<x(e) Replace f(e), g(e), d’(e), x(e) and x’'(e) by —g(e),
—f(e), —d’(e), —x(e) and —x’(e), respectively, on these edges. The new circulation
problem with feasible circulation x also fulfils the conditions of the lemma. The new
x’ 1s a minimum cost circulation, and it satisfies the conclusions if and only if the
original one does.

Now suppose indirectly that [d'(eg)+n(ug)—n(z)|=F|e and x'(ey)=>
>x(e,) for an edge e;=uyv,. Since d’(e)+n(u)—n(v)=—a would imply x'(e)=
=x(e)=g(e)=x"(e), we have d'(ey)+n(u)—m(vg)={V|a. Since x’—x is a non-
negative circulation there exists an oriented cycle C such that e,6C and x"—x is
strictly positive on every edge of C. Let ¢ be the minimum value of x"—x on C.
Decrease the value of x” on the edges of C by ¢ and let x” denote the new circulation.
As x’=x"=x the new circulation x” is feasible. For every edge e=uv of the cycle
C we have x{e)<x'(e)=g(e), thus d'(e)+n(u)—n(r)=—a. The cost of the new
circulation x” is

dx" = d'x'—e3 (d'(e): e€C) = d'x —¢ 3 (d'(©)+n(u)- ¥(v): e = uveC)
= d'x —e(d (eg) + 7 (tg) — 1 (0g) — (|C | — 1))
=dx —e(V]ie—(V|-Da) = d'x"—ex = d'x".

This contradicts the optimality of x’. |

It is important to emphasize that the classical Out-of-Kilter method (Ford—
Fulkerson [8]) can be turned into a strongly polynomial algorithm if the costs are

integers and do not exceed []V[]/—] in absolute value. To this end one simply has
to apply a strongly polynomal maximum flow computation in the flow augmenting
phase of the Out-of-Kilter algorithm (Dinits [3], Edmonds—Karp [7]). When we
refer to the Out-of-Kilter method we shall mean this version. It is well-known that
if the costs are integers, there exists an optimal circulation and an integral potential
satisfying the optimality criteria. The Out-of-Kilter method finds this integral poten-
tial.

Our algorithm will find the d-minimizer of P(f, g). Having an optimal circu-
lation x at hand, one can easily calculate a potential z satisfying the optimality cri-
teria. Namely, one has to apply the Out-of-Kilter method with x as a starting feasible
solution. Since x is an optimal solution, on the course of the algorithm no circulation
change (breakthrough) may occur. Thus after at most [E|? potential changes a po-
tential x is found such that the unchanged x and n satisfy the optimality criteria.
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3. The algorithm

The core of the algorithm runs roughly as follows. First it 1s checked whether
d 1s (f, g)-equivalent to the zero function. If so, then the d-minimizer of P(f, g) is
P(f, g) itself and the algorithm is finished. If not, then the algorithm (by applying
Gaussian elimination) determines the cost function which is (f, g)-equivalent to d
and fits P(f, g). Finally the Out-of-Kilter method is applied to a certain rounded
(integer) cost function d. This results in a circulation x and a potential z. With the
help of lemma 2.2 we shall conclude that x is “‘good™ on at least one non-tight edge
e in the sence that x(e)=x"(e¢) holds for any d-minimal circulation x’. Consequently,
both the lower and the upper capacity of edge ¢ can be changed to x(e). This way,
we get a new circulation polyhedron P(f”,g’) such that

(a) The d-minimizer of P(f,g) coincides with the d-minimizer of P(f”",g")

() T(f,e)<T(f",g") and T(f.&)#T(f". ).

The edge ¢ in question will easily be determined by using 7.
Applying the above procedures at most |E| times the algorithm finds the
d-minimizer of P(f, g).

and

Now we give the exact description of the algorithm.

The iterative step

Input A digraph D=V, E) with upper and lower capacities and costs f, g, dcR%,
respectively, on the edges, such that there exists a feasible circulation.

Output  Either d is (f, g)-equivalent to the identically zero function, or new capacities
[ and g’ are found which satisfy (a) and (b).

0. Let d* be the projection of d to the subspace Q.
If this projection is zero then d is (f, g)-equivalent to the identically zero
Junction. STOP.
Otherwise let d’ denote that positive multiple of d* which has dj..=

=WV VIEL
1. Define the following rounded cost function
d(e) = [d’(e)l.

Use the Out-of-Kilter method to find a d-minimal circulation x and a poten-
tial n such that x and = satisfy the optimality criteria (1) and ii)).

2. Define the new capacities as follows. Let f'(e)=f(e) and g’'(e)=g(e) for
edges e=uv with |d'(e)+n(W)—n@)|<|V{, and let [’'(e)=g (e)=x(e)
for edges e=uv with |d'(e)+n(u)—r(@)|=|V].

End
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Now the whole algorithm is the following. Apply the iterative step repeatedly until
getting capacities f* and g* such that d is (f*, g*)-equivalent to the identically zero func-
tion. Now the d-minimizer of P(f,g) is P(f*,g").

Seemingly we use a new arithmetic operation, taking upper integer part. But,
since we know the maximum absolute value of d’, we can find d(e) for an edge e by

log ([|V'| YE[]) comparisons.
Theorem 3.1.§The d-minimizer of P(f,g) coincides with the d-minimiizer of P(f’,g).

Proof. Since P(f,g)2P(f’.g’) it suffices to show that P, S P(f’,g"). First ob-
serve that P, is the d’-minimizer of P(f, g), since the projection of d to Q results in
a cost function d* which is (£, g)-equivalent to d, and multiplying d* by any positive
number does not change the face optimizing it. Next we claim that the hypotheses of
Lemma 2.2 hold ford’, x, rand «=1. Indeed,let e=uv€ E andd’ (Ie)+7z(u)—n(v)>_:
=—1. Then

d@+nw)—n() = (d(@+nw)—n())+(d(e)—d () <—1+1=0

by the definition of d. Thus the optimality criteria for x and n imply that x(e)=g(e).
it can be seen similarly that d’(e)+n(u)—n(v)=1 implies x(e)=f(e).
Now Lemma 2.2 proves the theorem. ||

Theorem 3.2. T(f,g)DT(f".g) and T(f,9)=T(f,g").

Proof. Since T(f,g)=27T(f’,g’) we only have to prove that |d’(e)+n(1)—n(v)|=|V]
for at least one non-tight edge e=wur. Let us define the following vector d”

o )_{d'(e)+n(u)—n(v) if e=uv€E is not tight °
© =10 othervise.

What we have to prove is now dj,,=|V|. Since d’ fits P(f, g) the vectors d’ and
d”—d’ are orthogonal and so |d’|=]2”]. Thus we have

diee = (VIED) A" = QIVIEN| = (YVIEdimer = [V VIENVIE] = W .

Here the last equality is due to the definition of d’. |

4. Complexity

First we survey the complexity of the algorithms previously known. The first
polynomial algorithm for the maximum flow problem was given by Dinits [3] and
Edmonds and Karp [7). The Out-of-Kilter method for minimum cost flow
problems was introduced by Fulkerson [9] and Minty [13]. If the capacities are in-
tegers this algorithm has running time O(|E* - C), where C is the maximum capacity.
In the case when the costs are integers (but not necessarily the capacities) the algo-
rithm can be considered as O(|V'| - D) maximum flow computations, where D is the
maximum absolute value of the costs (Edmonds—Karp [7]).
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The first polynomial time algorithm for this problem was given by Edmonds
and Karp [7]. They developed a scaling technique to solve minimum cost flow prob-
lems with integer capacities. They algorithm runs in O(]E}*log C) time. Scaling
the costs instead of the capacities (if the costs are integers, while the capacities may
be arbitrary reals) one can obtain a minimum cost flow algorithm, which consists of
O(]E|log D) maximum flow computations (Réck [14]).

Now we turn to computing the complexity of our algorithm. By Theorem 3.2,
to solve the minimum cost circulation problem one has to apply the iterative step
at most |E] times.

First we describe the computational details of step 0. projecting the cost
function d to the subspace

0 = {x€RF: x is a circulation and x(e)=0 if e is tight}.

Observe that d*(e)=0 for all tight edges e. Define the node—edge incidence matrix
of the graph (V, E—T(f,g)) by
1 if e=uwr
A(v,e) =1—1 if e=vu
0 otherwise.

The vector d* restricted to the coordinates E— T(f, g) is orthogonal to the rows of A
and is of the form d|(E—T(f,g))+nA for a suitable potential #. The required =
can be compnted by solving the equality system

(AE-T(f, &) +rA)A’ = 0.

This is a linear equality system in |V | variables. Solving it takes O(]V |?) steps by
Gaussian elimination. The Gaussian elimination is known to be a strongly polyno-
mial algorithm (Edmonds [4]), that is, the size of the numbers occuring during the
elimination is polynomially bounded in the size of the input numbers. Finding the
integral capacities d takes O(|E|loglE|) time.

Next we deal with the time necessary to solve the minimum cost circulation
problem in the iterative step. The cost function d is integral and due=V|VIE|.
Thus the Out-of-Kilter finds a solution via O(|V'|? V]E]) maximum flow computa-
tions.

Finally, after having computed a d-minimal circulation x the computation
of a potential 7 such that x and = satisfy the optimality criteria takes only O(|E®)
time.

To see the overall running time of the algorithm, let T' denote the running
time of the maximum flow algorithm used. The solntion of a minimum cost circu-
lation problem takes

i O(IENWV [*+|E| log (EPM#V )+ [V [*E[#*T)+|E*) = O(IEPV [*T)
me,

Remark. One can speed up the algorithm by using the cost scaling technique in the
computation of a d-minimal circulation. This improves the running time to
O(|E|*T log |E]).
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5. Extensions to more general problems

First we discuss the circulation problem with possibly infinite capacities.
A slight modification of the algorithm works also in this more general case.

Observe that we can reduce the circulation problem to one with non-negative
lower capacities: Reverse all edges ¢ with f(e)=g(e)<0 and put —g(e), —f(e)
and —d(e) as capacities and costs. Add an edge in the reverse direction for edges e
with f(e)<O<g(e) and put 0, g(e),d(e) and 0, —f(e), —d(e) as capacities and
costs on the edge and its reverse copy respectively.

The algorithm in section 3 applies to this reduced problem without any
change. The only apparent danger is that in the iterative step no d-minimal circulation
exists (that is, the minimum is minus infinite). In this case the same is true in the ori-
ginal problem, because d=d’ and g=f=0.

The idea of the present algorithin can be applied to the general linear prog-
ramming problem. This will be discussed in a forthcoming paper. There we give an
algorithm which solves the linear programming problem

A-x=b
x=0
min ¢-x

in time polynomial in the size of A4 (that s, the number of arithmetic steps is indepen-
dent of the size of the vectors b and ¢). 1t makes use of any polynomial-time linear
programming algorithm.

The first version of this algorithm was presented at the Colloquium on Algo-
rithms and Complexity, 1984 Pécs, Hungary. That algorithm used the Edmonds—
Karp scaling technique and Diophantine approximation. The later was made possible
by Lovész’s lattice reduction algorithm (Lenstra—Lenstra—Lovész [10]). After the
Colloquium 1 have found the easier and quicker algorithm presented here. The ori-
ginal algorithm has the advaniage that its solution idea can be applied to solve sub-
modular flow problems (Edmonds—Giles [6]) in strongly polynomial time. The
submodular flow problem includes besides the minimum cost circulation problem,
many other combinatorial problems, such as the directed cut covering problem
(Lucchesi—Younger [11]) and the polymatroid intersection problem (Edmonds
[51). Cunningham and Frank [2] gave a combinatorial polynomial algorithm for solv-
ing this problem. The strongly polynomial algorithm will be presented in a forth-
coming paper by A. Frank and the present author.
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