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A new algorithm is presented for tile minimum cost circulation problem. The algoritIarn is 
strongly polynomial, that is, the number of arithmetic operations is polynomial in the number of 
nodes, and is independent of both costs and capacities. 

1. Introduction 

Edmonds and Karp [7] developed a scaling technique to solve the minimum 
cost flow problem in polynomial time. The number of  arithmetic operations used by 
their algorithm depends on the size of  the capacities. R6ck [14] described a variant 
of  their method, where the number of arithmetic operations depends on the size of  
the costs. Edmonds and Karp [7] write: 

A challenging open problem is to give a method for the minimum costflow problem 
having a bound of computation which is a polynomial in the lrumber of  nodes, and is 
independent of  both costs and capacities. 

Here we present such an algorithm. The algorithm consists of  phases (at most 
as many as the number of  edges). In each phase one has to solve a minimum cost 
flow problem with " rounded"  costs (that is, the costs will be integers and will have 
absolute value at most [IVl I1/~-I, a polynomial in the size of  the graph). Since the 
costs are small integers the known methods (even without the scaling technique, see 
Edmonds- -Karp  [7]) give strongly polynomial algorithms for these subproblems. 

In the model of  computation considered here the input consists of rational 
numbers. Each number in the data adds one to the input size. Each arithmetic ope- 
ration (addition, multiplication, division and comparison) is considered as one step. 
An algorithm which has polynomial running time in this model may turn out to 
be not polynomial in the usual sence. This happens if the size of  the numbers occurr- 
ing during the algorithm is not polynomially bounded in the size of  the input num- 
bers. 

AMS subject classification (1980): 68 E 10, 68 C 25. 
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An algorithm is said to be strongly polynomial if 
- -  the number of  arithmetic operations is polynomially bounded in the above input 
size and 
- -  the size of  the numbers occurring during the algorithm is polynomially bounded 
in the size of  the input numbers. 

(Megiddo 1981 uses the term "genuinely polynomial".) Actually a strongly poly- 
nomial algorithm can be interpreted to work on any real numbers (not only on ratio- 
nals) as well. Given any subfield of  the reals, where the above four arithmetic opera- 
tions can be carried out, a strongly polynomial algorithm works on problems with 
numbers given from that field. Such a subfield is, for example, the field of numbers 
a+bt/2 for a, b rationals. The only apparent danger is that the length of  the encod- 
ing of  the numbers occurring during the algorithm will not be polynomially bounded 
in the length of  the encoding of  the input numbers. 

As an application let us draw attention to a paper of  Anstee [1] where Anstee 
gives a new polynomial algorithm for solving the minimum cost b-matching problem. 
The only portion of his algorithm, that is not strongly polynomial is the solution of  
a minimum cost circulation problem. Combining the present algorithm with the algo- 
rithm of  Anstee one gets a strongly polynomial algorithm for the minimum cost 
b-matching problem. 

2 .  P r e l i m i n a r i e s  

In the following let D = ( V ,  E)  denote a digraph (possibly with multiple ed- 
ges) and let us be given upper and lower capacities and costs g , j ;  dCR E, respecti- 
vely, on the edges (satisfying f<=g). The case w h e n f a n d  g may have infinite compo- 
nents will be discussed in part 5. 

A vector xER ~ is a circulation if for each node vE V we have 

~ ' ( x ( e ) :  e = uvEE)--~(x(e): e = vuEE) = 0. 

A circulation is feasible if f<=x<=g. The set of feasible circulations is a polytope. It 
is called the circulation polytope and it is denoted by P(f, g). The circulation problem 
is to find a feasible circulation if one exists. It is well-known that the circulation 
problem can be solved in strongly polynomial time (Dinits [3], Edmonds- -Karp  
[7]). The cost of  a circulation x is 

,L, = Z (d(e)x(e):  eEL). 

The minimum cost ch'culation problem is to find a feasible circulation with 
minimal cost. Such a circulation is called d-minhnal. 

We call an edge tight if f(e)=g(e) and the set of all tight edges is denoted 
by T(f.g). 

To define a face of the circulation polyhedron one has to replace some of the 
detining inequalities x(e)>=f(e), x(e)~g(e) (Ibr eEE) by equalities. Any face of  
the circulation polytope is obviously a circulation polytope itself. The set of  d- 
minimal circulations tbrms a face Pop, called the d-minimizer of P. The algorithm will 
determine this face. 
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For  a vector  x E R  E let X m , , = m a x  (Ix(e)[ for  eEE) and [xl-=(~x'~(e): 
eEE) ~/2. For  a real number  2 let [2] denote  the smallest  integer greater  than or  equal 
to 2. 

Let us call any vector  JzER v a potential. 
Two cost  funct ions d and d" are said to be ( f ,  g)-equivalent if there exists a 

potent ia l  ~z such that  for  each non- t ight  edge e=uv  we have 

d'(e) = , t (e)+~z(u)-n(v) .  

Lemma 2.1. Let d and d" be (f,g)-equiralent cost fimctions. A .[easible circulation x 
is d-minimal i f  and only i f  it is d'-minimal. 

Proof.  We prove  that  d x -  d 'x  does not  depend on the feasible circulation x. Indeed,  

, r x - a x  = Z = 

+ ~ '  (x (e)(d '  (e) - d (e) - ~ (u) + 7r (v)): e = urE E tight). 

Since x is a circulat ion the first sum is zero.  Since x is feasible the second sum depends 
only on f ,  g, d, d" and 7t but not  on the circulat ion x. This  proves  the lemma.  I 

Aal impor tan t  consequence of  the l emma is that  if d and the identically zero 
funct ion are ( f ,g ) -equiva len t ,  then every feasible circulation is d-minimal ,  that  is, 
the d-minimizer  of  P ( f , g )  is P(J~g) itself. 

By L e m m a  2.I to solve a in in imum cost circulat ion problem it does not 
mat te r  which o f  the (.[~ g)-equivalent  costs are used, however,  it will turn out  that  the 
one lying in the subspace 

Q = {xERL': x is a circulat ion and x ( e ) = 0  it" e is tight} 

has par t icular  advantages .  Such a cost function is said t o f i t  P( f ,g) .  

A version o f  the opt imal i ty  cri teria ( F o r d - - F u l k e r s o n  [8]) states that  if x 
is a feasible solution and  7r a potent ia l  such that  

i) if d(e)+~(u) -Tz(v)>O for  e = u r E E  then x (e )= f ( e )  

ii) if d(e)+~r(u) -~(v )<O for  i = u v E E  then x (e )=g(e )  

then x is d-minimal  and  for  any d-minimal  circulat ion x '  if ]d(e)+Tr(u)-Tr(v)t > 0  
for  an edge e=uvEE then x ' (e )=x(e) .  

O f  course,  if in i, we require x (e )=f (e )  only for  edges e = u v  satisfying the 
s t ronger  inequality d ( e ) + r c ( u ) - ~ z ( v ) ~ : t  and in ii), x(e)=g(e)  is required only for 
edges satisfying d(e)+lr(u)-~r(v)~- ~ - : t ,  where :t is a posit ive number ,  then x is 
no t  necessarily a d-minimal  circulation. However ,  if ~ is small relative to d, these 
weaker  cri teria can be interpreted so tha t  x and 7r a lmost  satisfy the opt imal i ty  cri- 
teria and,  then one m a y  have an intuitive feeling tha t  x is " a lmos t "  a d-minimal  cir- 
culation.  This  feeling is justified somewhat  by the fol lowing lemma.  

L e m m a  2.2. Let x be a feasible circulation, d" a cost function, 7r a potential, and ~ > 0  
a real mtmber such that 
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i f  d'(e)+tt(u)-rt(v)>-a for an edge e=uv then x(e)=f(e), 

i f  d'(e)+n(u)-rr(v)<=-~t for an edge e=uv then x(e)=g(e). 

Then for any d'-minimal circulation x" 
Id'(e)+rc(u)-n(v)l>=lVlot for an edge e = u v  implies that x(e)=x'(e). 

Proof. Without loss of  generality we may assume that x'>=x: Otherwise reverse 
all edges eEE with x'(e)<x(e). Replace f(e), g(e), d'(e), x(e) and x'(e) by -g(e) ,  
- f (e) ,  - d '  (e), - x ( e )  and - x '  (e), respectively, on these edges. The new circulation 
problem with feasible circulation x also fulfils the conditions of the lemma. The new 
x '  is a minimum cost circulation, and it satisfies the conclusions if and only if  the 
original one does. 

Now suppose indirectly that [d'(eo)+rr(Uo)-rc(vo)[~[Vlct and x ' (e0)> 
>x(eo) for an edge e0=u0v0. Since d'(e)+Tr(u)-Tr(v)<--~ would imply x'(e)>= 
~x(e)=g(e)~x'(e) ,  we have d'(eo)+n(uo)-rC(Vo)>=]VTa. Since x ' - x  is a non- 
negative circulation there exists an oriented cycle C such that eoEC and x ' - x  is 
strictly positive on every edge of  C. Let e be the rainimum value of  x ' - x  on C. 
Decrease the value of  x '  on the edges of  C by ~ and let x"  denote the new circulation. 
As x'~=x">=x the new circulation x" is feasible. For  every edge e=uv of the cycle 
C we have x(e)<x'(e)~g(e),  thus d ' (e )+n(u) - r r (v )~-~ .  The cost of the new 
circulation x"  is 

d'x" = d ' x ' - e  Z (d'(e): eEC) = d ' x ' -g  Z (d'(e)+n(u)- ~;(v): e = ut, EC) 

d'x"-e(d'  (eo) + r~(uo) - 7r(vo) - ( [ C  I - l)'~) 

d 'x ' -g (]V]~- ([V]-  1)~) = d'x'-g~. < d'x'. 

This contradicts the optimality of  x'. I 

It  is important to emphasize that the classical Out-of-Kilter method (Fo rd - -  
Fulkerson [8]) can be turned into a strongly polynomial algorithm if the costs are 
integers and do not  exceed [1V[ ~]/~!  in absolute value. To this end one simply has 
to apply a strongly polynomial maximum flow computation in the flow augmenting 
phase of  the Out-of-Kilter algorithm (Dinits [3], Edmonds- -Karp  [7]). When we 
refer to the Out-of-Kilter method we shall mean this version. It is well-known that 
if the costs are integers, there exists an optimal circulation and an integral potential 
satisfying the optimality criteria. The Out-of-Kilter method finds this integral poten- 
tial. 

Our algorithm will find the d-minimizer of  P(f,  g). Having an optimal circu- 
lation x at hand, one can easily calculate a potential rc satisfying the optimality cri- 
teria. Namely, one has to apply the Out-of-Kilter method with x as a starting feasible 
solution. Since x is an optimal solution, on the course of  the algorithm no circulation 
change (breakthrough) may occur. Thus after at most IE1 ~" potential changes a po- 
tential ~ is found such that the unchanged x and rr satisfy the optimality criteria. 



MINIMUM COST CIRCULATION ALGORITHM 251 

3. The algorithm 

The core of  the algorithm runs roughly as follows. First it is checked whether 
d is (f ,  g)-equivalent to the zero function. If  so, then the d-minimizer of P( f ,  g) is 
P(f, g) itself and the algorithm is finished. If  not, then the algorithm (by applying 
Gaussian elimination) determines the cost function which is (f ,  g)-equivalent to d 
and fits P(f,g).  Finally the Out-of-Kilter method is applied to a certain rounded 
(integer) cost function ~3. This results in a circulation x and a potential ~. With the 
help of  lemma 2.2 we shall conclude that x is "good"  on at least one non-tight edge 
e in the sence that x (e)= x'  (e) holds for any d-minimal circulation x'. Consequently, 
both the lower and the upper capacity of  edge e can be changed to x(e). This way, 
we get a new circulation polyhedron P(f ' ,g ' )  such that 

(a) The d-minimizer of P (~  g) coincides with the d-minimizer of P(f ' ,g ' )  
and 

(b) T ( f , g ) c T ( f ' , g ' )  and T(f ,g)~-T(f ' ,g ' ) .  

The edge e in question will easily be determined by using ~. 
Applying the above procedures at most IE[ times the algorithm finds the 

d-minimizer of  P( f ,  g). 

Now we give the exact description of  the algorithm. 

Input 

Output 

. 

1. 

. 

End 

The iterative step 

A digraph D=(V,  E) with upper and lower capacities and costs f, g, dER ~, 
respectively, on the edges, such that there exists a feasible circulation. 

Either d is (f, g)-equivalent to the identically zero function, or new capacities 
f" and g" are found which satis]), (a) and (b). 

Let d* be the projection of  d to the subspace Q. 
I f  this prq/ection is zero then d is (f, g)-equiralent to the identically zero 
function. STOP. 
Otherwise let d" denote that positi~e multiple o[ d* which has d£~,= 
=)vl 

Define the following rounded cost function 

a(e) = [d'(e)]. 

Use the Out-of-Kilter method to find a ~-minimal circulation x and a poten- 
tial n such that x and ~z satisfy the optima#ty criteria (i) and ii)). 

Define the new capacities as follows. Let f ' (e)=f(e)  and g'(e)=g(e) for 
edges e=uv with ]d'(e)+n(u)-~(v)]<[V[, and let f ' (e)=g'(e)=x(e)  
for edges e=uv with ld'(e)+~(u)-~(v)I>=IVl. 
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Now the whole algorithm is the following. Apply tile iterative step repeatedly until 
getting capacities f*  and g* such that d is ( f* ,  g*)-equivalent to the identically zero func- 
tion. Now the d-minimizer o[ P(f,  g) is P(f*, g*). 

Seemingly we use a new arithmetic operation, taking upp_er integer part.  But, 
since we know the maximum absolute value of  d ' ,  we can find d(e) for an edge e by 

log ([IVI P]~] )  comparisons. 

Theorem 3.1.1The d-rninh~lizer o f  P(f,  g) coincides with the d-minimizer o / P(.f', g'). 

Proof. Since p(f,g)D=p(f ' ,g')  it suffices to show that PoptC=P(f',g'). First ob- 
serve that Pop, is the d '-minimizer of  P ( f ,  g), since the projection of  d to Q results in 
a cost function d ~ which is (f ,  g)-equivalent to d, and multiplying d* by any positive 
number  does not  change the face optimizing it. Next we claim that the hypotheses of  
Lemma 2.2 hold for d ' ,  x, r~ and ~ = 1. Indeed, let e = m,E E and d" (e) + 7z ( u ) -  7r (v) 

-- 1. Then I 

a(e)+n(u)-nO:) = (d'(e)+rc(u)-~z(v))+ (a(e)-a'(e))  < - 1 + 1 = 0 

by the definition of  }. Thus the optimality criteria for  x and 7z imply that .v(e)=g(e). 
I t  can be seen similarly that d'(e)+rc(u)-rc(v)~l implies x(e)=f(e). 

Now Lemma 2.2 proves the theorem. I 

Z " ' Theorem 3.2. T(f,  g) D ( f  , g ) and T(f ,  g) ~ T( f ' ,  g'). 

Proof. Since T(f ,  g) D= T( f ' ,  g') we only have to prove that ld' (e) + ~ ( u ) -  rc 091 -~ Iv ! 
for at least one non-tight edge e=uv. Let us define the following vector d" 

{~o'(e)+~(u)-.(v) if e=uveE is not tight 
d'(e) = othervise. 

" > fits P(f,  g) the vectors d '  and What  we have to prove is now d~,,~ = IV I. Since d" 
d ' - d "  are orthogonal  and so td'I<=Id'l. Thus we have 

aA,, ( l l i i lEI)la"l-~ ( 1 / I t / ] E ~ ) l d ' l  > - -  ' : ( i / I / I E I ) d m : ,  = [ I V  I l i C E / I / l i / ~  ~ IV  I. 

Here the last equality is due to the definition of  d ' .  I 

4. Complexity 

First we survey the complexity of  the algorithms previously known. The first 
polynomial algorithm for the maximum flow problem was given by Dinits [3] and 
Edmonds and Karp  [7J. The Out-of-Kilter method for minimum cost flow 
problems was introduced by Fulkerson [9] and Minty [13]. I f  the capacities are in- 
tegers this algorithm has running time O (IE 13. C), where C is the maximum capacity. 
In the case when the costs are integers (but not necessarily the capacities) the algo- 
rithm can be considered as O ( i V [ - D )  maximum flow computations,  where D is the 
maximum absolute value of  the costs ( E d m o n d s - - K a r p  [7]). 
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The first polynomial time algorithm for this problem was given by Edmonds 
and Karp [7]. They developed a scaling technique to solve minimum cost flow prob- 
lems with integer capacities. They algorithm runs in O(]E1 ~ log C) time. Scaling 
the costs instead of the capacities (if the costs are integers, while the capacities may 
be arbitrary reals) one can obtain a minimum cost flow algorithm, which consists of 
O(IEIlogD) maximum flow computations (R6ck [14]). 

Now we turn to computing the complexity of our algorithm. By Theorem 3.2, 
to solve the minimum cost circulation problem one has to apply the iterative step 
at  m o s t  ]El times. 

First we describe the computational details of step 0, projecting the cost 
function d to the subspace 

Q = {x~R~: x is a circulation and .-c(e)=0 if e is tight}. 

Observe that d*(e)=0 for all tight edges e. Define the node---edge incidence matrix 
of the graph (V, E -  T(f, g)) by 

i if e = uv 
A(v ,e )=  - if e=vu 

otherwise. 

The vector d* restricted to the coordinates E -  T(f, g) is orthogonal to the rows of A 
and is of the form d](E-T(f,g))+rcA for a suitable potential 7r. The required zc 
can be computed by solving the equality system 

(dt(E- T(J;, g))+ ~A)A' = O. 

This is a linear equality .system in IV I variables. Solving it takes O(]V [ 3) steps by 
Gaussian elimination. The Gaussian elimination is known to be a strongly polyno- 
mial algorithm (Edmonds [4]), that is, the size of the numbers occuring during the 
elimination is polynomially bounded in the size of the input numbers. Finding the 
integral capacities d takes O(JE] log]E]) time. 

Next we deal with the time necessary to solve the minimum cost circulation 
problem in the iterative step. The cost function ff is integral and ff,~,<=]VJ 1/~-]. 
Thus the Out-of-Kilter finds a solution via O(1Vl ~ I/Tg-i) maximum flow computa- 
tions. 

Finally, after having computed a d-minimal circulation x the computation 
of a potential 7r such that x and 7r satisfy the optimality criteria takes only O(]EI ~) 
time. 

To see the overall running time of the algorithm, let T denote the running 
time of the maximum flow algorithm used. The solution of a minimum cost circu- 
lation problem takes 

O(IEI(IV ["+ IE I log (lE[1/zlV])-t - IVl ~ IEI1/2T)+ 1El") = O(lEl~/"lV 12T) 
time. 

Remark. One can speed up the algorithm by using the cost scaling technique in the 
computation of a 8-minimal circulation. This improves the running time to 
o(lgl2Tlog IE/). 
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5. Extensions to more general problems 

First we discuss the circulation problem with possibly infinite capacities. 
A slight modification of the algorithm works also in this more general case. 

Observe that we can reduce the circulation problem to one with non-negative 
lower capacities: Reverse all edges e with f(e)~g(e)<O and put -g(e),--f(e) 
and -d(e) as capacities and costs. Add an edge in the reverse direction for edges e 
with f(e)<O<g(e) and put O,g(e),d(e)and 0 , - f ( e ) , - d ( e )  as capacities and 
costs on the edge and its reverse copy respectively. 

The algorithm in section 3 applies to this reduced problem without any 
change. The only apparent danger is that in the iterative step no d-minimal circulation 
exists (that is, the minimum is minus infinite). In this case the same is true in the ori- 
ginal problem, because d~=d" and g>=f>-O. 

The idea of the present algoritlma can be applied to the general linear prog- 
ramming problem. This will be discussed in a forthcoming paper. There we give an 
algorithm which solves the linear programming problem 

A . x = b  

x~-O 

min c- x 

in time polynomial in the size of A (that is, the number of arithmetic steps is indepen- 
dent of the size of the vectors b and c). It makes use of any polynomial-time linear 
programming algorithm. 

The first version of this algorithm was presented at the Colloquium on Algo- 
rithms and Complexity, 1984 P6cs, Hungary. That algorithm used the Edmonds-- 
Karp scaling technique and Diophantine approximation. The later was made possible 
by Lovfisz's lattice reduction algorithm (Lenstra--Lenstra--Lovfisz [10]). After the 
Colloquium I have found the easier and quicker algorithm presented here. The ori- 
ginal algorithm has the advantage that its solution idea can be applied to solve sub- 
modular flow problems (Edmonds--Giles [6]) in strongly polynomial time. The 
submodular flow problem includes besides the minimum cost circulation problem, 
many other combinatorial problems, such as the directed cut covering problem 
(Lucchesi--Younger [11]) and the polymatroid intersection problem (Edmonds 
[5]). Cunningham and Frank [21 gave a combinatorial polynomial algorithm for solv- 
ing this problem. The strongly polynomial algorithm will be presented in a forth- 
coming paper by A. Frank and the present author. 

Aeknowleflgements. I wish to express my thanks to Andrfis Frank for suggesting 
this problem to me and for many stimulating discussions on the algorithm presented 
here. Thanks are due to AndrOs Seb6 for improving the presentation of this paper. 
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